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ut = −(−∆)αu + h(t)uv, (x, t) ∈ RN × (0, T );
u(x, 0) = φ(x), φ(x) ≥ 0, φ(x) 6≡ 0，
这里u是Lp(RN)中的非负凸函数，1 < p < ∞，v > 1且函数h(t)满足下面两个
条件
h1) h(t) ∈ C[0,∞)，
h2) c0tσ ≤ h(t) ≤ c1tσ，其中c0, c1 > 0和σ > −1是常数。
这部分的目的主要是为了推广Weissler的模型[60]。从文献[59]容易得到该方
程解的局部存在性问题。并且根据文献[60]定理3，易得到假如φ ∈ L N(v−1)2α(1+σ) (RN)
充分小，那么存在该方程的一个非负的全局解u ∈ C([0,∞), L N(v−1)2α(1+σ) (RN))。
然而进一步我们还发现了当φ ∈ C0(RN) ∩ L
N(v−1)
2α(1+σ) (RN)时，存在方程的全局






utt −∆u + ut = 1Γ(1−γ)
∫ t
0
(t− s)−γ|v(s)|pds, (x, t) ∈ RN × R1+;
vtt −∆v + vt = 1Γ(1−δ)
∫ t
0
(t− s)−δ|u(s)|qds, (x, t) ∈ RN × R1+;
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ RN ;















这里N ≥ 1, 0 < γ, δ < 1，p, q > 1。而且初值满足
(ui, vi) ∈ W 1−i,2(RN)×W 1−i,2(RN),
且
supp(ui, vi) ⊂ BK = {x ∈ RN : |x| < K},
其中i = 0, 1, k > 0，supp表示支集。
受到文献[22, 39, 53, 58]的启发,本章我们考虑了此方程组。我们将证明如
果p > 3/(2δ − 1)且q > 3/(2γ − 1) (N = 1)，那么存在全局的小初值解，并且
这个解有如下的估计‖Du(x, t)‖2 ≤ C(1 + t) 14−γ 和‖Dv(x, t)‖2 ≤ C(1 + t) 14−δ。
另一方面，假如N/2 ≤ max{ (2−δ)p+(1−γ)pq+1
pq−1 ,
(2−γ)q+(1−δ)pq+1
pq−1 } (N ≤ 2), 那么这
个方程组不存在全局解(u, v)，换句话说，当γ, δ ≤ (N − 2)/N ( N ≥ 3 )，或













(t− s)−γ|v(s)|p−1v(s)ds (x, t) ∈ RN × R+,
vt + (−∆)
β2




(t− s)−δ|u(s)|q−1u(s)ds (x, t) ∈ RN × R+,
初值满足
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN ,
这里u0, v0 ∈ C0(RN), γ, δ ∈ (0, 1), p, q > 1, 0 < βi ≤ 2(i = 1, 2)，且非局部算
子(−∆)βi2定义如下：对于任意的v ∈ D((−∆)βi2 ) = Hβi(RN),都有 ̂(−∆)βi2 v(x) =
|ξ|βiv(ξ),其中Hβi(RN)是齐次的Sobolev空间，定义如下
Hβi(RN) = {u ∈ S ′ : (−∆)βi2 u ∈ L2(RN)} βi 6∈ N,



















在这章中，我们将证明对于u0, v0 ∈ C0(RN) (这里u0, v0 ≥ 0, u0, v0 6≡ 0)，假
如






































这里(x, y) ∈ Ω (2D torus T2 或整个空间R2), t ≥ 0, q = ∆ψ − Fψ + βy,
且 1
Re















) 是动量方程的零阶平衡点，F, β, 和Re 分别表
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Fractional Heat Equation and Systems, Hyperbolic
Systems and Quasi-geostrophic Equation Related
Problems
ABSTRACT
Part 1, which is the third chapter in this paper, studies the the Cauchy problem for




ut = −(−∆)αu + h(t)uv, (x, t) ∈ RN × (0, T );
u(x, 0) = φ(x), φ(x) ≥ 0, φ(x) 6≡ 0.
Here u is a curve in Lp(RN), u : [0, T ] → Lp(RN), which assumes only non-negative
values. We are primarily concerned with the case 1 < p < ∞, and v > 1. The function
h(t) satisfies
h1) h(t) ∈ C[0,∞),
h2) c0tσ ≤ h(t) ≤ c1tσ for sufficiently large t, where c0, c1 > 0 and σ > −1 are
constants.
The purpose of this paper is to generalize Weissler’s model [60] and prove the
global existence. From [59], it is easily concluded the local existence of the solu-
tions to the equation. Moreover, by Theorem 3 [60], it is easily concluded that if
φ ∈ L N(v−1)2α(1+σ) (RN) is sufficiently small, then there exists a non-negative cure u ∈
C([0,∞), L N(v−1)2α(1+σ) (RN)), which is a global solution to this equation. However, we will
find that if φ ∈ C0(RN)∩L
N(v−1)
2α(1+σ) (RN), then there exists a non-negative global solution
u ∈ C([0,∞), C0(RN)), where C0(RN) denotes the space of all continuous functions
decaying to zero at infinity.
The second part is the fourth chapter in this paper. Its main aim is to study the


















utt −∆u + ut = 1Γ(1−γ)
∫ t
0
(t− s)−γ|v(s)|pds, (x, t) ∈ RN × R1+;
vtt −∆v + vt = 1Γ(1−δ)
∫ t
0
(t− s)−δ|u(s)|qds, (x, t) ∈ RN × R1+;
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ RN ;
v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ RN ,
where u and v are unknown real function, N ≥ 1, 0 < γ, δ < 1 and p, q > 1. Through-
out this paper, we assume that
(ui, vi) ∈ W 1−i,2(RN)×W 1−i,2(RN),
and
supp(ui, vi) ⊂ BK = {x ∈ RN : |x| < K},
where i = 0, 1, k > 0 and supp stands for support.
Inspired by the paper [22, 39, 53, 58], in the present paper we consider this prob-
lem. We shall prove that if p > 3/(2δ − 1) and q > 3/(2γ − 1) for N = 1, then the
solution with small initial data exists globally in time and satisfies the decay estimates
‖Du(x, t)‖2 ≤ C(1 + t) 14−γ and ‖Dv(x, t)‖2 ≤ C(1 + t) 14−δ, on the other hand, if
N/2 ≤ max{ (2−δ)p+(1−γ)pq+1
pq−1 ,
(2−γ)q+(1−δ)pq+1
pq−1 } for N ≤ 2, the solution (u, v) of the
problem does not exist globally or when γ, δ ≤ (N − 2)/N for N ≥ 3 and γ, δ ∈ (0, 1)
for N ≤ 2, if p < 1/δ and q < 1/γ, then the solution (u, v) of the problem does not
exist globally, where D = (∂t,∇x).











(t− s)−γ|v(s)|p−1v(s)ds (x, t) ∈ RN × R+,
vt + (−∆)
β2




(t− s)−δ|u(s)|q−1u(s)ds (x, t) ∈ RN × R+,
supplemented with the initial conditions
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN ,
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operator (−∆)βi2 is defined by ̂(−∆)βi2 v(x) = |ξ|βiv(ξ), for every v ∈ D((−∆)βi2 ) =
Hβi(RN), where Hβi(RN) is the homogenous Sobolev space of order βi defined by
Hβi(RN) = {u ∈ S ′ : (−∆)βi2 u ∈ L2(RN)} βi 6∈ N,
Hβi(RN) = {u ∈ L2(RN) : (−∆)βi2 u ∈ L2(RN)} βi ∈ N,
where S ′ is the space of Schwartz distributions. Γ is the Euler gamma function and
C0(RN) denotes the space of all continuous functions decaying to zero at infinity.
In the present paper, we shall prove that for u0, v0 ∈ C0(RN) (where u0, v0 ≥ 0,
u0, v0 6≡ 0), if




















then any solution (u, v) to the system blows up in a finite time.
The final part is the sixth chapter in this paper. We discuss the nonlocal quasi-

















where (x, y) ∈ Ω can be either the 2D torus T2 or the whole space R2, t ≥ 0, q =
∆ψ−Fψ +βy, and 1
Re
(−∆)1+αψ with α ∈ (0, 1) is the modified dissipative term. Let










In this model, ψ is the geostrophic pressure, also called the geostrophic streamfunction,




) is a zeroth
order balance in the momentum equation, and F, β, and Re are the rotational Froude

















is also called viscosity parameter. It has some features in common with the much
studied two dimensional surface quasi-geostrophic equation (see[12–14] and references
therein). However the quasi-geostrophic β−plane model has a number of novel and
distinctive features.
In this paper, we only consider the 2D torus T2 with periodic boundary conditions.
And we shall prove the well-posedness results of the equation under certain condition
on initial data belong to the (homogeneous) Sobolev space Ḣs(T2)(s > 4 − 2α). In
section 3, we use energy estimates to prove that for the arbitrarily large initial data,
the eqation is locally well-posed. However, we may not obtain the global existence of
solutions from the energy (6.3.14), if the initial data has large Ḣs norm. Fianlly, with
an additional small data assumption we obtain a global well-posedness result.
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